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CN ■ Abstract 

We analyze the quantum properties of the light generated by a two-level laser in which 
Q-i the two-level atoms available in a closed cavity are pumped to the upper level by means of 

electron bombardment. We consider the case in which the two -level laser is coupled to a 
vacuum reservoir via a single-port mirror and seek to carry out our analysis by putting the 
noise operators associated with the vacuum reservoir in normal order. It is found that the 
two-level laser generates coherent light when operating well above threshold and chaotic light 
when operating at threshold. Moreover, we have established that a large part of the total mean 
photon number is confined in a relatively small frequency interval. This is a revised version 
of a paper published in Opt. Commun. (284, 1357, 2011). 
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1 Introduction 

A two-level laser is a source of coherent or chaotic light emitted by two-level atoms inside a cavity 
coupled to a vacuum reservoir via a single-port mirror. In one model of such a laser, two-level 
atoms initially in the upper level are injected at a constant rate into a cavity and removed after 
they have decayed due to spontaneous emission [1,2]. In another model the two-level atoms 
available in a cavity are pumped to the upper level by some convenient means such as electron 
bombardment [2,3]. 

There has been a considerable interest to study the quantum properties of the light generated 
by a two-level laser [4-10]. It is found that the light generated by this laser operating well above 
threshold is coherent and the light generated by the same laser operating below threshold is 
chaotic. In the quantum theory of a laser, one usually takes into consideration the interaction 
of the atoms inside the cavity with the vacuum reservoir outside the cavity. There may be some 
justification for the possibility of such interaction for a laser with an open cavity into which and 
from which atoms are injected and removed. However, there cannot be any valid justification 
for leaving open the laser cavity in which the available atoms are pumped to the upper level by 
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means of electron bombardment. Therefore, the aforementioned interaction is not feasible for 
a laser in which the atoms available in a closed cavity are pumped to the upper level by electron 
bombardment. 

We seek here to analyze the quantum properties of the light emitted by two-level atoms available 
in a closed cavity and pumped to the upper level at a constant rate. Thus taking into account 
the interaction of the two-level atoms with a resonant cavity mode and the damping of the cavity 
mode by a vacuum reservoir, we obtain the photon statistics, the quadrature variance, and the 
power spectrum for the light emitted by the atoms. We carry out this analysis by putting the 
noise operators associated with the vacuum reservoir in normal order and without considering 
the interaction of the two-level atoms with the vacuum reservoir outside the cavity. 



2 Operator dynamics 

We consider here the case in which N two-level atoms are available in a closed cavity. Then 
the interaction of the cavity mode with one of the atoms can be described at resonance by the 
Hamiltonian 

H = ig(al k b-tfa k a ), (1) 

where 

= \b) k k(a\ (2) 

is a lowering atomic operator, b is the annihilation operator for the cavity mode, and g is the 
coupling constant between the atom and the cavity mode. We assume that the laser cavity is 
coupled to a vacuum reservoir via a single-port mirror. In addition, we carry out our calculation 
by putting the noise operators associated with the vacuum reservoir in normal order. Thus the 
noise operators will not have any effect on the dynamics of the cavity mode operators. We can 
then drop the noise operator and write the quantum Langevin equation for the operator b as 

I = (3) 
where k is the cavity damping constant. Therefore, with the aid of Q}, we readily find 

db «f 

— = b-ga k . (4) 

dt 2 y a 



Furthermore, employing the relation 



±(A) = -i([A,H]) (5) 



along with Eq. QJ, one readily obtains 



J t (t k a)=9((f] k b -&), (6) 

j t {t) =9(&t k b) + g(Va k a ), (7) 
j t (v k ) = -g(°i k b)-g(tfa k a ), (8) 
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where 

Va = \a)kk(a\, (9) 
t = \b)kk(b\. (10) 

We see that Eqs. ©, Q, and ® are nonlinear differential equations and hence it is not possi- 
ble to obtain exact time -dependent solutions of these equations. Thus applying the large-time 
approximation scheme [11], we obtain from Eq. Q the approximately valid relation 

Ht) = --ta(t). (ID 

Now substitution of (TT) (with the time argument suppressed) into the aforementioned equa- 
tions yields 

5<tf>=-57o<a*>, d2) 

j t {t) = -lc{t), (13) 

f t (v k b )=7M), (14) 

where 

7c = 4<?7«- (15) 

We wish to call the parameter defined by Eq. CGD the stimulated emission decay constant. Based 
on the definition of this decay constant, we infer that an atom in the upper level and inside a 
closed cavity emits a photon due to its interaction with the cavity light. We certainly identify this 
process to be stimulated photon emission. 

In order to include the contribution of all the atoms to the dynamics of the two-level laser, we 
sum Eqs. 03, Q3L and O over the N two -level atoms, so that 

^ = -\lc(rh a ), (16) 

^(N a ) = -7c(Na), (17) 

at 

^-(N b )= lc (N a ), (18) 

in which 

JV 



E^> (19) 

k=l 
N 

Na = ^2v k a , (20) 



m a = 

k=l 

N 



k=l 
N 

N b = Y,vt (2D 

fc=l 

with the operators N a and N b representing the number of atoms in the upper and lower levels. 
Furthermore, with the aid of the identity 

ta+tb=i, (22) 
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we see that 

(N a ) + (N b ) = N. (23) 
In addition, using the definition given by (21 and setting for any k 

K = \b)(a\, (24) 

we have 

m a = N\b){a\. (25) 

We therefore observe that 

m) a m a = NN a , (26) 

in which 

N a = N\a)(a\. (27) 
Following the same procedure, one can also establish that 

rh a m\ = NN b , (28) 

with 

N b = N\b)(b\. (29) 
In the presence of N two-level atoms, we rewrite Eq. lIU as 

dt=-2 b + Xm - (30) 

We now proceed to determine the value of the constant A. Thus applying the steady-state solu- 
tion of Eq. (4} , we easily find 

and on summing over all atoms, we have 



[b,tf] = -(N b -N a ), (32) 

K 

where 

N 

[b,tf]=Y,[b,b% (33) 

k=l 

stands for the commutator of b and P when the cavity mode is interacting with all the N two-level 
atoms. On the other hand, using the steady-state solution of Eq. |30|, one can easily establish 
that 

[b,P]=N{^] (N b -N a ). (34) 



Hence from Eqs. 02) and lEU, we get 

A = ±- 

'N 

and on account of this result, Eq. f30) can be written as 



A = ±-?= (35) 



db K* g A 

-j7 = --b + —7=m a . (36) 
dt 2 ^/N 
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The two-level atoms available in the cavity are pumped from the lower to the upper level by 
means of electron bombardment. The pumping process must certainly affect the time evolution 
of the atomic operators. Hence we take into account the effect of the pumping process on the 
time evolution of the operators (N a ) and (N b ) by rewriting Eqs. Q7| and Qj§ as 



dt 

and 



-(N a ) = -jc{N a ) + r a {N b ) (37) 



j t (N b ) = -r a (N b ) + lc (N a ), (38) 

where r a is the rate at which a single atom is pumped to the upper level. Now taking into account 
l l23l . one can put Eq. ||37} in the form 

j t (N a ) = - ( 7c + r Q ) (N a ) + r a N. (39) 

We immediately see that the steady-state solution of this equation is 

r N 

(N a ) = — (40) 
7c + r a 

and the steady-state solution of Eq. |38| turns out to be 

(N b ) = ^(N a ). (41) 

Finally we seek to determine the effect of the pumping process on the dynamics of the atomic 
operator m a . To this end, we rewrite Eq. QjU as 

^m a = -^r]m a + F a (t), (42) 

where F a (t) is a noise operator with a vanishing mean and rj is a parameter whose value remains 
to be fixed. Employing the relation 

jt{^ a ) = (^r™°) + (f^w) (43) 

along with Eqs. S3 and l|26|, we get 

j t (N a {t)) = - V (N a (t)) + ±(Fl(t)m a (t)) + l(rh{(t)F a (t)). (44) 
Now comparison of Eqs. | [39l and H41 shows that 

V = 7 C + r a (45) 



and 

This result implies that 



(Fl(t)m a {t)) + (m\{t)F a (t)) = r a N 2 . (46) 



(F^t)F a (t'))=r a N 2 5(t-t'). (47) 
Following a similar procedure, one can also easily establish that 

<F a (t)Fj(t')> =-f c N 2 5(t-t'). (48) 
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3 Photon statistics 



It is certainly interesting to consider different regimes of the laser operation. We then wish to 
call the regime of laser operation with more atoms in the upper level than in the lower level 
above threshold, and the regime of laser operation with equal number of atoms in the upper and 
lower levels threshold. Thus inspection of Eq. ( f4TT > shows that for the laser operating at threshold 
7 C = r a and for the laser operating above threshold 7 C < r a . Applying the solution of Eq. (42) and 
considering the atoms to be initially in the lower level, we easily find 

{m a (t)) = 0. (49) 

Moreover, the expectation value of the solution of Eq. <[3HJ is expressible as 

(b(t)) = (6(0))e- K '/ 2 + -^=e- Kt l 2 f e Kt 'l 2 {m a (t'))dt'. (50) 

v N Jo 



On account of (49) and the assumption that the cavity light is initially in a vacuum state, Eq. 
reduces to 

(S(t)) = 0. (51) 
We note from Eqs. (36) and lED that b is a Gaussian variable with zero mean. 
Using the steady-state solution of Eq. (36) , 
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we get 

7. 



m, (52) 



(Stg) = i£(jV ), (53) 



K 



so that in view of (40) , the mean photon number has at steady state the form 

H= * ,54) 
« V7c + r a J 

We note that for the two-level laser operating well above threshold (j c <C r a ), Eq. (54) reduces to 

n = —N. (55) 

K 

And for the same laser operating at threshold (<y c = r a ), we have 

n = —N. (56) 

2k 

Furthermore, the variance of the photon number for the cavity light can be written as 

(An) 2 = (bWb) - (tfb) 2 (57) 
and recalling that b is a Gaussian variable with zero mean , we readily get 

(An) 2 = <S+S><SS+>. (58) 
Employing Eq. (52) and taking into account (28), we find 

(SSt) = lZ(N b ). (59) 



Thus with the aid of 1 158} along with J53T ) and (59) > we arrive at 

(An) 2 =(^Y(N a )(N b ). (60) 

We see from Eq. ( |40T > that for the two -level laser operating well above threshold 

{N a ) = N, (61) 

so that on account of this and 123), we arrive at 

(N b ) = 0. (62) 

Therefore, for -y c <c r a , the variance of the photon number turns out to be 

(An) 2 = 0. (63) 

This represents the normally- ordered variance of the photon number for coherent light. On the 
other hand, for the same laser operating at threshold, we see that the variance of the photon 
number is 

(An) 2 =ra 2 , (64) 
which represents the normally- ordered variance of the photon number for chaotic light. 



4 Quadrature variance 

We next wish to calculate the quadrature variance for the plus and minus quadrature operators 
defined by 

b + = £>t + S (65) 

and 

b_ = i(P - b). (66) 

It can be readily established that 

[L,b+} = 2i^(N a -N b ). (67) 
Thus on account of this result, we see that 

7c 
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(N a ) ~ (N b ) . 

Moreover, taking into account ([53]) and (59), one can easily verify that 



(68) 



(A6 ± ) 2 = ^( (N a ) + (N b ) ). (69) 



K 

Now in view of Eq. ( f6Tb and | [62l , we see that for the laser operating well above threshold 

(A6+) 2 = (A6_) 2 = n, (70) 
with n is given by Eq. (55) . In addition, for the laser operating at threshold, we have 

(A6+) 2 = (A6_) 2 = 2n, (71) 



in which n is given by (56). This represents the normally-ordered quadrature variance for chaotic 
light. 

We define coherent light to be a light mode in which the uncertainties in the two quadratures 
are equal and satisfy the minimum uncertainty relation. On account of Eq. (68), we note that 
for the laser operating well above threshold, A6+A6_ > n. Hence on the basis of this result and 
Eq. (TO) , we assert that the light generated by the two-level laser operating well above threshold 
is coherent. We have seen that the quadrature variance for this case takes the relatively small 
value described by Eq. (70l). However, this value markedly differs from the corresponding value 
for an ideal coherent lightQ This must be due to the fact that the coherent light generated by 
the two-level laser is represented by operators with vanishing mean. Perhaps it is also worth 
mentioning that whenever the laser coherent light is used as a driving or pump mode, we may 
replace the operators representing this light mode by the square root of the steady-state mean 
photon number. Such replacement transforms the laser coherent light into an ideal coherent 
light. 



5 Power spectrum 

It is also interesting to consider the power spectrum of the cavity light. The power spectrum of a 
single-mode light with central frequency co is expressible as 

P{uo) = -Re dTe^-^ T {b\t)b{t + T)) ss . (72) 

7T JO 

Upon integrating both sides of Eq. (72) over u, we readily get 

P(co)duj = n, (73) 



in which n is the steady-state mean photon number. From this result, we observe that P(uj)dw is 
the steady-state mean photon number in the interval between u and to + duj [12]. 

We now proceed to calculate the two-time correlation function that appears in Eq. (72) for the 
cavity light. To this end, we realize that the solution of Eq. (361 can be written as 

b(t + t) = b(t)e- KT/2 + -^=e- KT/2 [ T e KT ' /2 m a (t + r')dr', (74) 

v N Jo 



(75) 



On the other hand, the solution of Eq. (42) is expressible as 

m a (t + r) = m a (t)e- riT/2 + e"^ /2 f e^ T " /2 F(t + T")dr" , 

Jo 

so that on introducing this into Eq. (74) , we have 

b(t + r) =b(t)e- KT/2 + -^=e- KT l 2 m a {t) f e^-^'^dr' 

VN Jo 

+ 9- K t/2 r dT , r dr // e ( (K -^'+^")/2^ (t+T // ) _ 

^/N Jo Jo 

Thus on carrying out the first integration, we arrive at 

^or an ideal coherent light, the normally- ordered quadrature variance is identically zero. 



(76) 
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Fig. 1 A plot of Eq. (86l for k = 0.8 and n = 5. 



b{t + T) = b(t)e- KT/z + 



kt/2 , 2 5 m a (i) 



iV(K - 7?) 



e -r?r/2 _ g -«T/2 



•/ 



^9- KT /2 dT , dT"e^- r >y + ^l 2 F(t + T"). 



(77) 



Now multiplying both sides on the left by &t(t) and taking the expectation value of the resulting 
equation, we have 



(b\t)b(t + T)) = (P(t)b(t))e- KT / 2 + 



2g{ bHt)m a {t)) 
N(k - rj) 



e -Vr/2 _ e -KT/2 



JO 



(78) 



Furthermore, applying the adjoint of Eq. l[52| and taking into account (26]!, we have 



{P(t)b(t + T)) = (P(t)b(t))e- KT / 2 + 



KTL 



(« -77) 



e"W2 _ e -«r/2 



^0 



+ _^ e — /2 / dr / J dT » e ((K-vV+VT")/2 x ( r?i t( t )^( t + T ")) ) 



so that in view of the fact that 
there follows 



(ml(t)F(t + r"))=0, 



(b\t)b(t + r)> = — e-"^ 2 - -^e"^ 2 . 

K — Tj K — Tj 

Finally, on combining JHD with l[72| and carrying out the integration, we readily arrive at 



P(U): 



KTL 



K — Tj 



rj/2ir 



( w _ W0 )2 +[r// 2]2 
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rjn 

K — Tj 



k/2tt 



(79) 



(80) 



(81) 



(82) 



We realize that the mean photon number in the interval between oj' = — A and (J = A is express- 
ible as 

n ±A = y P{fJ)drf, (83) 

in which w' = uj — ujq. Therefore, upon substituting 11821 into Eq. | [83l and carrying out the inte- 
gration, applying the relation 

ten" 1 !-], (84) 



x 2 + a 2 a \a 
we arrive at 

n±\ = nz(\), (85) 



where z(X) is given by 



2k/vt i/2A\ 2? ? /7r i/2AA 
z(A) = — —tan^ 1 — ^— ten" 1 — . (86) 

K — 7] \ V J K — T] \ K J 



From the plot in Fig. 1, we easily find z(0.5) = 0.66, z(l) = 0.86, z(2) = 0.96. Then combination 
of these results with Eq. (85) yields n±o.5 = 0.66n, n ±1 = 0.86n, n ± 2 = 0.96n. 



6 conclusion 

We have carried out our analysis by putting the noise operators associated with the vacuum 
reservoir in normal order and applying the large-time approximation scheme. The procedure 
of normal ordering the noise operators renders the vacuum reservoir to be a noiseless physical 
entity. We uphold the viewpoint that the notion of a noiseless vacuum reservoir would turn out to 
be compatible with observation. Based on the definition of the stimulated emission decay con- 
stant, we infer that an atom in the upper level and inside a closed cavity emits a photon due to 
its interaction with the cavity light. We certainly identify this process to be stimulated emission. 

We have found that for the two-level laser operating well above threshold, the uncertainties in 
the plus and minus quadratures are equal and satisfy the minimum uncertainty relation. In view 
of this, we have identified the light generated by the laser operating well above threshold to be 
coherent. The quadrature variance of the laser coherent light is markedly different from that 
of an ideal coherent lightU This must be due to the fact that the coherent light generated by 
the two -level laser is represented by operators with vanishing mean. Perhaps it is also worth 
mentioning that whenever the laser coherent light is used as a driving or pump mode, we may 
replace the operators representing this light mode by the square root of the steady-state mean 
photon number. Such replacement transforms the laser coherent light into an ideal coherent 
light. Moreover, we have seen that the light generated by the two-level laser when operating at 
threshold is chaotic and a large part of the total mean photon number is confined in a relatively 
small frequency interval. 
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